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| INDER 1: Properties o
Rotation Matrices

SO(n) = Special Orthogonal Group of Order n

e R e SO(n)

e R~ € 50(n)

s i1

e The columns (and therefore the rows) of R are mutually orthogonal

e Fach column (and therefore each row) of R is a unit vector

e det R =1
cos(—f) —sin(—6) e i
sin(—f)  cos(—#0) e e

cosfl —sinéd
sin ¢ cos f




REMINDER 2: Meanings of R

1. It represents a coordinate transformation relating the coordinates of a
point p in two different frames.

2. It gives the orientation of a transformed coordinate frame with respect to
a fixed coordinate frame.

3. It 1s an operator taking a vector and rotating it to a new vector in the
same coordinate system.



/ INDER 3: Composition o

Rotations

pn - R?pl
1 I 2

p = RQP
0 b2

p oo RQP




~ REMINDER 4W

Frame

* Rotation around one axis in a frame followed by
another rotation around another axis in the

ORIGINAL frame
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Rotation Representation

Direction Cosines
Eular Angle
Roll-Pitch-Yaw
Axis/Angle

Any 3D object possesses only 3 rotational degrees of
freedom






From Eular Angles to R

°* Given ©,0,¥
e Find R
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From R to Eu_Iar Angles

A GiVEIl R CHCHACY — S8y —CpCaSy — SHCy  CaSo
SHCHCY T ChSyp  —SpCaSy T ChCyp  S4Sp

¢ If r, and r,, are not both zero

* Sg#0, r,and r,, are not both zero, r,, #£1, cg=r,,, Sg =+,/1-1,

f = atan? (7’33. \/1 o= I’%g) f = atan2 (7‘33. I \/1 a 753)
¢ = atan2(ri3,ro3) ¢ = atan2(—ry3,—723)
Y = atan2(—r31,7r30) Y = atan2(rs;,—r32)



Direction Cosines

Principal axis of the new frame in the reference frame

Vectors of the Rotation Matrix



From R to Eu_Iar Angles 2

: CHCOCH — SiSw  —ChCoSy — S4Cu  ChHSe

P GIVEH R @ L o=y o . ¢ :

SHCOCY T CoSy  —8¢CeSy T ChCy  SpSp
¢ If r; and r,, are both zeros

® Sg=0, I';;=T,,=0, T, =*1, Co=1, ®=0 (Two rotations around Z)

S Cy + CopSy —SpSy -+ CopCy 0 Seh—1p Chp—y 0

0 0 1 0 0 -1

Co+y  —Spty 0 _ . g

= S¢+v  Co+y 0 - rg{; TES .

0 0 1 -

6+ = atan2(ri1,ro1)

= atan2(rii, —ri2) ¢—v¢ = atan2(—ry1,—7r12)



Roll Pitch Yaw

Rxyvz = Rz__gﬁﬂy,ﬂ'ﬂm,ﬂ'
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Rotation around a general axis

E -1
sinae = L Rk.o — R?Rz,BR(l)
ViR = R,.R,sR,4R, 4R
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/X/

From R to Axis/Angle representation
L (Tr(R) -1
@ = cos ( )

2
1 (?“11 + rog +raz — 1)
= COs
2

1 a2 — Taj

k= r13 — T3
2sin @
| T21 —T12
Ry, = R—ﬁ:,—a

r o= (rayryors)T = 6Kz, Ok, 0k,



Translation

[{A} °P

/oA

changing the position description of a point P

OgP —> O,P (Two different vectors)

Peora %E, —> PDA i

AP = A A
R, = "R, + " Peore




Rigid Transformation

e Rotation + Translation

General Transform ¢

|{A}




//X/

Rigid Transformation 2

Fﬂ — H?'Pl + ﬂr? (A) VL
p’ = Rip' +d] AP = ARBP + APy ..

1 1 2 1
p = Ihp” +dy

0 0pl 2 041, 40

= HRiR Hids +d 0o _ 0l

P 1 hgp™ + fipdg + dy R = RYR!

p’ = Rop*+ds dy = di+ Rjd;




/X/

Homogeneous Transformation

haoEst

AP — AT BP

4:{1) (4x4) (4x1)

/ AP = ER°P + *Pgore

R € 50(3), d e R’
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Inverse Homogeneous
ol - R' —R'd
o O 1 —
0o _ ‘po _
P = 1
1 pl
P = 1




Basic Homogeneous Trans.
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/X/

Anatomy of Homogeneous Trans.

Direction
Cosines
Translation
Vector
Ty S Ay d:r \
[ |
o N, S, a, dy | nos oa d
1 Nn- S, a. d-. 0 0 0 1
0 O 0 1




Composition Rules

Around current axis
i) 0
H? = HYH
Around fixed axis

. Con



Example

The homogeneous transformation matric H that represents a rotation by
angle o« about the current x-axis followed by a translation of b units along the
current r-azxis, followed by a translation of d units along the current z-axis,
followed by a rotation by angle 6 about the current z-axis, is given by

H = RotyoTransg p Trans, qRot; g
I Cg — S8 0 b ]

B CaSn CaCs —S8n —dsg,

o S0S8  SaCo Ca deg
I 0 0 0 1




General Homogeneous Transformation

Ry, o | d3x1 Rotation | Translation

fixs | s1x1 perspective | scale factor



