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REMINDER 1: Velocity Kinematics

Relation between end effector’s linear and angular
velocities and joint velocities.

This is defined by the Jacobian (one of the most important
concepts in robot motion)

Steps:
e Understand velocity and its transfer with moving frames!!
e Derive Jacobian
e Understand singularities
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FIXED AXIS

Angular Velocity (describes a frame)

w = 0K N

U=wxr fﬂ /
\\h ”’/\/

Angular velocity if fixed for the wh
body

Linear velocity depends on the \.
distance between the point and the N
axis of rotation \

How to represent angular velocity?



EMINDER 3: Linear Velocity of a

Point in @ moving frame L= P
* Translating And Rotating:
0 DD
H?(f} _ |: Rh(t} 11&:] ]
p' = Rp'+o
p° = Rp'+o
= S(w)Rp'+6
= WXrtu Frame o
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What are we after?

Rldl o(g)
G- TO = n n
ven | (q) _ 0 1 _
e S(af)=RY(RY)
Vrcl) — Orcl) Jacobian
Body Velocity \
- / -0
J v .
Find J= JV where é/ = no ‘]q
® 4D
Sl KN
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The angular Jacobian J

Angular velocities are added as free vectors

0
Wy = L”'(}-]_l_Rl"‘-’l

We can find w_, by adding all w,’s from the base to end
effector

Now @ = @K where k is a unit vector in direction of
rotation axis

Using DH parameter’s convention:

ot=6z7=4[0 0 1]



J, (Prismatic Joint) @™ =623=6[0 o 1]

* ©®.1s constant

a)ii_l =0

J, (Revolute Joint)

* @, is variable

0'=4[0 0 1]



Angular Velocity of End Effector
We know that:
wgn = w8,1+R?w%,2+R w23+ng34+ -+ R)_wi” in

= wc)1+w12+w23+wa4+ +wn 1.n

If all joints are revolute: a) Z 9 R Z ,_1

If all of the m are prismatic o’ =0

In general zp|q|Ro—1 = _Zplql i—1
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Linear Velocity and Jacobian

By chain Rule of Differentiation:

By Jacobian definition

0,

=2

=1

n

L, g0, dg;,

og. dt

Orcl) = Z ‘]viqi

00

Nn

- OQ

=1

n

561.
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What is the origin of frame nin O

|

RO
0

0
Opn

1

|

TO

n
0 1— 1
Ti—lTi Tn

Rg—l 0?—1 Ri_l 02_1 sz 031,
0 1 0 1 0 1
' R) Rjo, +R) 0" +0)_, ]

0 1 ’

_ pO 0 -1, 0
= Rjo,+ R_j0;  +0;_4

TN




Now Differentiate

OO _ R(_)Oa + R?_loj‘:_l n O?—l

!

mn (A

" =-Ro tR0 tRPao'tR 0o

If ONLY Joint i is moving
6. =R’0' +0+R’,0™"+R>,6™ +0
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Prismatic Joint case
¢ RHa Ras R 1 0 &
If ONLY JoinF i is moving . _ _
* 0 =R’0 +0+R’,0™"+R>.6™+0

o Rio 1 and RiO are constants

° 00 . Ri()_ld-i_l



Prismatic Joint

aoii -1 .

.0 0 o1
0, = Ri—loi - Ri—l of

,» olagc, di]T

adi

O _ql |—1

0 —dR [0 0 1

0 - 7
=
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Revolute Joint case
¢ RHa Ras R 1 0 &

I[f ONLY Joint i is moving

e e 30 i1 0 i1
0,=R0, +0+R°,00"+R",6 " +0

o R_O 1S constants

-1

' o, =R’0l +R’. 6"



Revolute Joint
o | %,

00, " 0.
B

O

+ RY

09 17N

—1

|_';

_ [Rooa +R0

TN

[ I

) [R)ol, + R,

TN

71— 109
)RVo! +6,S
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More Details

, o | we | e
Ri—lﬁ a;S; — Ri—l a;C; 93
7 I d% ] 0 ]
= RY 1S(k9) -

- Ri—ls(kg') (R‘ ) RO o
= S(RY_ kO, )R?_ 07}
= 6,5(z) )RY 0™ 1
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So for Revolute Joint




Putting It all Together

Jv = [Jv, - Jv,]

T Zi—1 X (o, — 0i—1) for revolute joint i
v Zio1 for prismatic joint i

Jo = [Jw1 T an]

7 z;—1 for revolute joint 7
Wi 0  for prismatic joint i



The whole Jacobian (METHOD 1)

* Revolute Joint

5= | Fm1x(0n = 0i-) _

* Prismatic Joint

J; =
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Where to get Them?

7 from the third column of T

O from the fourth column of T

T—O:i i i
| 0 0 0 1




The whole Jacobian (METHOD 2)*

* Revolute Joint

J@j — aqi

* Prismatic Joint

J; =




Example 1 (Planar RR)

0 1
0 01 = | ai1s1 09 = | @151 + a2512
0 0 0

0

J(q) = [

<0

ajc1 + ascqo

<1

zp X (09 — op) 21X(02—01)}

—151 — 12512
a1c] + asca
0

0
0
1

—@a2812
(2C12
0

0
0
1

|







| Link | a; | o; | di | 6 |

1 |a] 0|08 /\\\ ot
2 as | 180 | 0 f* et | e
3 /0| 0 |a|o0 | L L
4 | 0] 0 |d|6 L 20 .
6]_ < _) :'\-\-_E-_ ‘. Ig
® D
Example 2: SCARA - A
: LS o ys /r:|—34
_ B vi
cq 3 0 119 Q_) 94
51 (s3] 0 1151
A= 19 0 1 '
23, 24
0 0 0 1
[ o 89 0 asecs zZg X (Dil - Gﬂ) z1 X {ﬂil - Dl} <2
_ s —cg 0 asgsg Z0 z1 0
42 = 0o 0 -1 0
0 0 0 1
- 100 0 ey aijcy + ascya
010 0 ] a151 02 = || a181 + aasia
An =
3 0 0 1 ds J ! 0 0
I 00 0 1 a1¢1 + aac19
cy —sg 0 0 04 = a189 + ass19
54 Cyq 0 0 d - {i
Ay = 3 1
4 0 0 1 dy -
00 0 1
l —f15] — 2512
ajcy + asco
cia¢q + 81284 —c1284 +s12¢4 | 0 | aje; + azern 0

§12€4 — €1284 81284 — C12C4 a1 + azs12 0
0 0 —1 —dg — dy 0
0 0 0 1 1
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Bit of Terminology



From Osama Khatib
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Jacobian in a different frame
('R 0
IJ: J i jJ
X 0 ; R/

det 'Jl=|det 'J

From Osama Khatib
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Cross Product in a different frame

{e Mg 0 A
Ve /I —-"P
o, mej_r_ 0 Je _ ne |0 Jn
0 /

oA
e n TH TR 0 T
‘P+ 'R"P;, "P=(,R"P)# R"P
"Px" w=R.("Px" )

"Plw="R.("P." )="R.("P."R" . @)

From Osama Khatib



e . e = v
ey .
”

Jacobian of End effec
frame

From Osama Khatib



Wrist Point

x=Ilec +1lc,

y=1Is +1s,

End-Effector Point

E
W
Jacobian (W)

~lisy —Lsy,  —lysy, 0]
hey+heyn  hLeyp 0

0 0 0 0

J, =

0 0 0

0 0 0

1 1 1

x=Ilc +lc,+Ic

123

V= 3131 +12312 +l33123

From Osama Khatib
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Wrist Point

x=lc +1lc,

yv=1Ils +1Ls,
End-Effector Point

x=Ilc, +lc, +c,,

Y= 1151 +12512 +l33123

—Iysy — 1,515 — 13553

he, +1ycp, + 1560
0

0
0
1

=155 — 13853
ey, + 1500,
0

0
0
1

—135123
l5¢45s

0

0
0
1

From Osama Khatib



Wrist Point

x=Ilc +1lc,
y= llSl + 32512

End-Effector Point

x=1lc, +1c,+1c.,

y= 1151 +12512 +133123

hsy—hLsy —hs, 0
hey+heyn Loy 0
L 0 0 0 o, _[1 OPMJGJ
" 0 0 0 Elo 1 v

0 0 0
i 1 1 1]

l3¢153 A 0 0 13813

GPWE = 13813 jUPWE - 0 0 —l5¢1

0 351y 56 0

From Osama Khatib
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Singularity

* Configurations in which the rank of the Jacobian is
less than 6

1. Singularities represent configurations from which certain directions of motion
may be unattainable.

2. At singularities. bounded end-effector velocities may correspond to unbounded
joint velocities.

3. At singularities, bounded end-effector forces and torques may correspond to
unbounded joint torques.

6. Near singularities there will not exist a unique solution to the inverse kine-
matics problem. In such cases there may be no solution or there may be
infinitely many solutions.
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How to find singularities?

Find the determinant of ] and equalize it with zero

Find the QR decomposition of J and find the rank
(does not give the singularity configuration)

For 6-DOF robots with wrist, find the determinant of
the wrist alone and the arm alone. All singularities
found are robot singularities.



Wrist Singularities

~4

[ -
@23\4 €<:CzﬁL

04 o

Whenever z, and z, are aligned

Prove it
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Elbow Singularity

—a9S1Cy — U351C23 —U9S92C] — U35923C] —U3C15923

J11 - (12C1C2 + 3C1C23 —(@925152 — 351523 —A351523
0 (9Co + (323 a3C23

det Jll = (90353 ((1262 + a3623). L%

i,




/ solved Motion Rate Control

(Whitney 1972)

5 = J(0)50
Outside singularities
560 = J ' (0)6x
Arm at Configuration 0
x =70

OX = X,— X
S50 = J ' ox
0" =68+ 06

From Osama Khatib
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» Control

Joint 1

Control

v

Joint 2

Control

Forward

Kinematics

L

Joint n

From Osama Khatib
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Jacobian Rank

For RMRC to work ] must be invertible

] is 6xn and is invertible only if n = 6 and full rank



How to calculate inverse Jacobian

¢ =Jq
1. 1y
L

(373) 3¢ =9

4g=J"¢
J+:(JTJ)_1JT
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How to calculate J*

Most difficult method (from definition):
-1
i i
.
Simplest Method (SVD):
T -
J — U ZV o :1/0”, when o #0
T



Manipulability

,U:HGH
1

If the robot is not redundant (n<=6)

,uz‘det J‘



Example (Planar RR)

7 —a1S81 — (2512 —A2S519
a1C1 + a2C12 19C19

p=|det J| = ajas|ss]



V=@Xp

T=pXI

From Osama Khatib
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Velocity Force Duality

From Osama Khatib
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Velocity Force Duality
£ =36
r=J'F

P
=
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Statics

From Osama Khatib
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Static Equilibrium
P... 2 forces = 0
2. moments / a point =0
About origin {i}

j; T (_j;H) =0
n; + (_HHI) T j)i+1 X (_j;+1) =0
-ffl — .f.;+1

n, =n,, +R+l Xf;H

From Osama Khatib



Prismatic Joint Revolute Joint
v, = f;TZs' T, = nz‘TZj

Algorithm " f,="f
‘n,="n+"P <}
f: _;+1FR Hlfm
n=_R"™n_+P

;r' i+l i+l i+1 f

From Osama Khatib
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Example

%y o ~(1,51+1,812) 1,512
[C1+1,C12  1,C12
[ =(1S1+1,812) 1,CL+1,C12
~1,512 1,C12
r=J"F]
[ =1,=1; 6,=0;6,=60

~(1,51+1,812) 3101+32012[g} 1,C1+1,C12 [3;2}
1,512 1,C12 -~ Lo 1/2

-1

From Osama Khatib



