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~ REMINDER 1: The whole Jacobi
(METHOD 1)

* Revolute Joint

d

] zic1 X (0n — 0i-1)
Ji =
- Z%_l -
* Prismatic Joint
_ . _
J, = ;
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REMINDER 2: Wrist Singularities
AZ4
6? — ()
s

Whenever z, and z, are aligned

Prove it



REMINDER 3: Elbow Singularity
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/ INDER 4: Resolved Motion

Rate Control (Whitney 1972)

5 = J(0)50
Outside singularities
560 = J ' (0)6x
Arm at Configuration 0
x =70

OX = X,— X
S50 = J ' ox
0" =68+ 06

From Osama Khatib
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REMINDER 5: How to calculate J*

Most difficult method (from definition):
-1
i i
.
Simplest Method (SVD):
T -
J — U ZV o :1/0”, when o #0
T
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REMINDER 6: Manipulability

,U:HGH
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If the robot is not redundant (n<=6)

,uz‘det J‘



~ REMINDER 7W

Duality
£ =36
r=J'F
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REMINDER 8: How to dc

e
elimination

Prismatic Joint Revolute Joint
v, = f;TZs' T, = ”z‘TZj

Algorithm "/, ="f
"'n ="n+"P_  x"f

L Ip i+l
j::.' ;r—l—lR f;‘+1
] _ Iip i+l I
n; _r+1R R + R+1 f

From Osama Khatib
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What is dynamics

Relationship between forces and motion

Two approaches:
e Traditional Newton laws approach
e Eular-Lagrange formulation

In robotics we wuse FEular-Lagrange formulation
because it is MUCH easier for complex objects.
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Motivation (1D system)

miy = [ —mgq
o d d o (1 d Ok
mij = E('m"y) — EC)_U <§?ny ) — Ed—y
0 OP
g = almgn) = 5
L = K—-—P = %??’lyz — mgy
e 0% il
d_g = d_q and C)_q = _d_y
doL oL
o5 Ty




Eular- Lagrange Equation

g Jf dJL
dt 0q; Og;




Kinetic Energy

K 1*.*'n,’UT?.J 4 QwT'\

Inertia Tensor
Translation Rotation
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Tz
y=
zZ

I, = ///(‘yz + 28 p(z,y, z)dx dy dz

Iy, = //f$2+22 (x,y.z)dr dy dz=

I.. = //f +y x,y, z)dr dy dz=
Loy =1yp = —fffa:ypa:,y,z dr dy d=
l,..=1., = —fffa:zp(a:,y,z)d:c dy d=
I.=1.,, = —/ffyzp(m,y,z)d:r dy d=

/7 l 1
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Example (Uniform Solid)

/2 bz abc
.T:E — / f f U 22 J{) T, Y, : ju’;r ﬂffj f”” — p—(bz —+ )
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Frames

7 = RIR!



Kinetic Energy for N Links Robot

E.'l — *}L'i(Q}fj‘ ':"!"11'- — *}Ldi(f:f){é

K = '-'1' Z m;J 0 (@) + Ju. (@) Ri(q) i Ri(q)" Ju, ()] 4
, Lo
K = 54 D(q)q




Potential Energy for N Link Robot




Eular-Lagrange Equation of a Robot

[Da)i + Cla. )i+ ola) = 7]
Ckj = Z Cijk {‘}‘)fh
1=1
B - l ddhg dt’fki B E)ffﬁij .
- Z 2 { Jq; i g Iqr. }qi

1=

/

Christoffel Symbols of the first order
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Example 2D Cartesian (PP) S

Vel

0 0
=10 0
I 0

U2
*}L'CQ —

q2

<

e ——,——— =

= Jvad : 1. .
1 K = SQT {-?'r'e.l.fgl Sy + n:rgj,f;f}m }g
‘ D my+mo 0
q = [ ‘:‘fl 0 Mo
q2
P = g(lmi+m2)q
= Juai Cap op
1 = — = g(m1 + ma), g = — =10
E'}ql C}Q’Q
0 0
0 1
1 0 (my +ma)qg1 + g(lmy+me) = f1
mads = fo
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Planar Elbow

ver = Juaq

—f.singy 0O
J = l.pcosqy O
0 0

.E.-'ICE — :}-Uczq

—lysingy — leasin(qy + q2)  —Lezsin(qgy + ¢o)

Jvcg — fl COSq1 + fci CDH(QI + QE) fc? CDS(‘?l + ‘?2)
0 0
1 T 1 T L. T T .
571101 Vel + gM2Vealer = 54 {mady,  Ju., +mady Juo}dq
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Planar Elbow

w1 = q1k, w2 = (g1 + q2)k

\‘/,/fl/'\
q1

1 .7 10 1 1]). . - T
24 {11[{1 iﬁ)}JrIE[l 1“*’3 e
L+, I
_ T T 1 2 2
D(q) = maJ, Jo, +mal, Jy., + [ I, L }
din = mil% +mo(03 + 025 + 20102 + 201 lscosqz) + I + 1o
r_’flg — {1?-21 = 'ng(fgz + flfcg COs f}z} + j_rg

r_’fzg = 3 FEE + j_rg



Planar Elbow

€111

C121

C221

C112

€122

C222

lé")d.ll 0
2 dqn
€211 = %Cj;i;l = —malileasings =: h
Jdq2 B 15‘)(322 _
dgz 2 Iq
ddoy 1 0dqy
opn 2 0@
1 ddos
919 = 5 9, =0
1 Odas 0

2 dq2
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Planar Elbow f

- ,f ’\T : "ef-m.l g
q1

\A—’
Pr = mygl.sing ‘o %o
Py = maog(f1sing + leas8in(qr + q2)) 7%7%7/
P = P+ Py=(myle +moly)gsing, + moleagsin(qy + q2)

| oP |
b1 = Pl (myle1 + moly)gcosqy + maleagcos(qr + q2)

(1
| dP |
Qg = d_ = malo COH(Ql + 9‘2)

q2
di1q1 + di12q2 + c1219192 + 211921 + f3’221ij% +¢1 = T

da1q1 + daaqe + f1‘112tﬁ + @2 T2

- hia s + hiy
" —hdy 0



